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2-DIMENSIONAL FUNDAMENTAL GROUPS 
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Abstract. Closed oriented 4-manifolds with the same geometrically 2-dimensional fun- 
damental group (satisfying certain properties) are classified up to s-cobordism by their 
W2-type, equivariant intersection form and the Kirby-Siebenmann invariant. As an appli- 
cation, we obtain a complete homeomorphism classification of closed oriented 4-manifolds 
with solvable Baumslag-Solitar fundamental groups, including a precise realization result. 



1. Introduction 

In this paper we show how a combination of bordism theory and surgery can be used 
to classify certain closed oriented 4-manifolds up to s-cobordism. Our results apply to 
topological 4-manifolds with geometrically 2-dimensional fundamental groups, satisfying 
the three properties (W-AA) listed in Definition 11.21 below. We will prove in Section 
that these properties are satisfied by the family of solvable Baumslag-Solitar groups 

B(k) := {a,b\aba~ l = b k }, k G Z. 

The groups B(k) have geometrical dimension < 2 because the 2-complex corresponding 
to the above presentation is aspherical. The easiest cases are 

B(0)=Z, B(l) = ZxZ, and B(-l) = Z x Z, 

and these are the only Poincare duality groups in this family. Each B(k) is solvable, so is a 
"good" fundamental group for topological 4-manifolds |10j . This implies that Freedman's 
s-cobordism theorem is available to complete the homeomorphism classification. This had 
been done previously only for the three special cases above, see [IT] for B(0), and [IB] for 
5(±1), using a more classial surgery approach. 

A basic homotopy invariant of a 4-manifold M is the equivariant intersection form, 
defined as the triple (n 1 (M, x ), vr 2 (M, x ), sm), where x G M is a base-point, and 

s M - n 2 (M,x ) ®% n 2 (M,xo) -> Z[tti(M,x )] 

is the form described in Section [2j formula (12.41) . This pairing is A-hermitian, in the sense 
that for all A G A := Z[7Ti(M, xq)] we have 



s M (A ■ x, y) = X ■ s M (x, y) and s M (y, x) = s M (x, y) 
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where A h- > A is the involution on A given by the orientation character of M. In the 
oriented case studied below, this involution is determined by g = g^ 1 for g £ iri(M, Xq). 

An isometry between two such triples is a pair (a, (5), where a : 7Ti(M, x ) —> ni(M', x' Q ) 
is an isomorphism of fundamental groups, and (3: (7r 2 (M, x ), sm) —> (^(M 1 , x' ), sm 1 ) is 
an a-invariant isometry of the equivariant intersection forms. We will assume throughout 
that our manifolds are connected, so that a change of base-points leads to isometric 
intersection forms. For this reason, we will omit the base-points from the notation. 

Recall that an oriented 4-manifold M has type (I) if W2(M) ^ 0, type (II) if u> 2 (M) = 0, 
and type (III) if W2(M) ^ but W2(M) = 0. The invariant u> 2 is defined for topological 
manifolds in (12. ip . 

Theorem A. For closed oriented 4-manif olds with solvable Baumslag-Solitar fundamental 
groups, and given type and Kirby-Siebenmann invariant, any isometry between equivariant 
intersection forms can be realized by a homeomorphism. 

The invariants in Theorem A are not independent. For example, M has type (I) if and 
only if the equivariant intersection form sm is odd. This algebraic condition means that 
the identity component of is an odd integer for some x £ 7r 2 (M). In the other 

case, if the identity component of sm{x, x) is always even, then we say that sm is an even 
equivariant intersection form. This occurs in types (II) and (III). 

The Kirby-Siebenmann invariant KS(M) £ Z/2 (see [22J P- 300]) is determined for 
spin manifolds by Rochlin's formula 

KS(M) = sign(M)/8 (mod 2) 

where sign(M) is the signature of the 4-manifold M, defined via the ordinary intersection 
form on H 2 (M; Z). For fundamental groups ir with H^n; Z) = we show in Remark 14.21 
that this signature is determined by sm via the formula 

sign(M) = sign(s M ®a Z). 

This formula does not hold in general, as one can see from examples of surface bundles 
over surfaces with nontrivial signature (but vanishing 7r 2 ). 

For 71"! (M) = B(k), type (III) can only occur if k is odd. In this case, we have the 
following generalization of Rochlin's formula, proven in Corollary 16.101 

KS(M) = sign(M)/8 + Arf(M) (mod 2) 

where Arf(M) £ Z/2 is a codimension 2 Arf invariant explained in Section 

For any closed oriented 4-manifold M, the radical R(sm) ^ 7T 2 (M) of the intersection 
form sm is completely determined by the fundamental group 7r of M, via an isomorphism 
R(s M ) H 2 (h;Ztt) proved in Corollary IO We define vr 2 (M) t := vr 2 (M) / R{s M )- 

Theorem B. For any closed oriented 4-manifold M with fundamental group ir = B(k), 
the quotient 7r 2 (M)' is a finitely generated, stably-free Zir-module and the induced form 
(%)' is non-singular. Conversely, 
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(i) Any non-singular /Lit -hermitian form on a finitely generated, stably-free Z7r -module 
is realized as (sm) by a closed oriented 4-manifold M with fundamental group 
B{k). 

(ii) Up to homeomorphism, there are exactly two such manifolds for odd forms, distin- 
guished by the Kirby-Siebenmann invariant. If k is even, an even form determines 
a manifold of type (II) uniquely; type (III) does not occur. For k odd, there is 
exactly one A-manifold with a given even intersection form in each type (II) or 
(III). 

Remark 1.1. The classification of such stably free modules and non-singular hermitian 
forms is a difficult algebraic problem. For example, there exist odd intersection forms 
which are not extended from Z for manifolds with these fundamental groups (see [121 
§6]). Moreover, we do not know the minimal rank of an intersection form with nontrivial 
Arf invariant. □ 

A finitely-presented group ir is geometrically 2-dimensional (g-dim7r < 2) if there exists 
a finite aspherical 2-complex with fundamental group ir. Examples of geometrically 2- 
dimensional groups include free groups, 1-relator groups (e.g. surface groups) and small 
cancellation groups [27], provided they are torsion-free, as well as many word-hyperbolic 
groups H3 2.3], [211 §10]. 

It is attractive to see whether the results of Theorems A and B also hold for more 
general fundamental groups of geometric dimension < 2. In a series of papers [17], |18j . 
[19], [20], Jonathan Hillman has investigated the homotopy classification of Poincare 4- 
complexes under various fundamental group assumptions. In the case of g-dim < 2, the 
problem was reduced to the minimal case, also studied here in Section [31 However, the 
homotopy classification of minimal models was not completed except for free or surface 
fundamental groups. Our focus is on the classification of 4-manifolds up to s-cobordism, 
and our methods differ from the classical surgery approach in the sense that we do not 
need to understand the homotopy classification first. 

We now list the additional properties we will need for the fundamental groups (see [36] 
for the surgery assembly maps). 

Definition 1.2. A group ir satisfies properties (W-AA) whenever 

(i) The Whitehead group Wh(7r) vanishes, 

(ii) The assembly map A 5 : H 5 (ir;h ) — > L 5 (Zir) is surjective. 

(iii) The assembly map A4: i?4(7r;Lo) — > L^Zir) is injective. 

For a 4-manifold M with fundamental group it and even equivariant intersection form 
sm, there exists a unique class wm £ H 2 (ir;Z/2) such that ^(M) = c*{wm) for a 2- 
equivalence c: M —>■ K(tt, 1) that induces the identity on fundamental groups. In this 
setting, we define the w 2 -type of M to be the pair (tt, wm)- If sm is °dd, M has type (I) 
and we define the wvtype to be the pair (tt 1 (M), (I)). 

An isomorphism between the wvtypes of M and N is an isomorphism ttx(M) = 7r 1 (A r ) 
that carries % to w^. In the odd case, the condition on wm is interpreted to mean that 
both M and iV have type (I). The W2-tjpe is a refinement of the type as soon as the 
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action of Aut(7r) on H 2 (tt; Z/2) has more than two orbits. The zero element determines a 
preferred orbit, corresponding to type (II) above. The remaining orbits refine type (III). 

Theorem C. For closed oriented 4-manifolds with geometrically 2- dimensional funda- 
mental groups satisfying properties (W-AA) , and given Kirby-Siebenmann invariant, any 
isometry between equivariant intersection forms inducing an isomorphism ofw 2 -types can 
be realized by an s-cobordism. 

Remark 1.3. It is important to point out that whenever the Farrell- Jones isomorphism 
conjectures [5] in algebraic .fT-theory and L-theory hold for a group 7r with g-dim7r < 2, 
then 7r satisfies (W-AA), and in fact the assembly maps are isomorphisms. We refer to 
[26] for a survey of results on these conjectures. 

Remark 1.4. A central tool in our classification is the reduced intersection form (smY on 
the quotient ^(M)' := tt2(M)/R(sm) by the radical of %. This is a finitely generated, 
stably-free Z7r-module and (smV is non-singular, by Corollary 14.41 Since sm x — sju 2 if 
and only if (sjifi) — ( s m 2 Y > h follows that Theorems A and C could be formulated with 
the reduced intersection form (smV replacing the intersection form sm in the statements. 

Section [2] contains a summary of our classification technique as guide for the paper, and 
the proof of Theorem C, modulo the computation of certain bordism groups. Section [3] 
gives some basic constructions and facts concerning 4-manifolds, and Section H] discusses 
stable classification of 4-manifolds. We prove the first statement of Theorem B in Corol- 
lary l3.2l and Corollary 14.41 just using stable classification of 4-manifolds with geometrically 
2-dimensional fundamental group. In Section [5] we complete the bordism calculations and 
the proof of Theorem C. In Section [6] we show that the solvable Baumslag-Solitar groups 
satisfy conditions (W-AA), deduce Theorem A from Theorem C, and prove the remaining 
parts of Theorem B. 

Acknowledgement: We wish to thank Wolfgang Luck for helpful conversations. 

2. The strategy: Reduced normal 2-types and surgery 

In this section we will explain our strategy and reduce the proof of Theorems A and 
C to the computation of certain bordism groups, which we will analyze in Section [5j 
The classical surgery approach to classifying manifolds [JT] would need as an input a 
homotopy equivalence h: N — > M. Then one would ask whether h is normally cobordant, 
over M, to a self-homotopy equivalence of M, and finally one would try to do surgery 
on such a normal cobordism until it becomes an s-cobordism. This last step can always 
be completed if the fundamental group ir in question satisfies the following subset of the 
properties (W-AA) in Definition 11.21 

(W-A) Wh(7r) = and the assembly map A 5 : i7 5 (7r;L ) — > L 5 (Zw) is surjective. 

Note that the vanishing of the Whitehead group Wh(7r) implies that one can suppress 
the decorations in the L-groups above. We'll refer to these properties of ir as 'properties 
(W-A)' in the following. 
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The other steps in this classical surgery approach depend on more than the fundamental 
group, for example the normal cobordism computation involves all homology groups of 
M. In many instances, even the homotopy classification is too hard to understand. 

In [25], the second author developed a modified surgery approach to classification. 
In the case of 4-manifolds, he starts with the normal 2-type B — > BSTOP of M. 
This is the second stage of the Moore-Postnikov factorization of the classifying map 
vm'- M — > BSTOP of the normal bundle (see [21], [30], and [33] for the construction 
of this classifying map). The map from BSO to BSTOP is a 3-equivalence [221 P- 300], 
so H 2 (BSTOP; Z/2) = Z/2. We call the non-trivial element w 2 and define 

(2.1) w 2 (M) := u* M (w 2 ) e H 2 (M; Z/2) 

The Moore-Postnikov factorization is a 3-coconnected fibration admitting a lift vm of vm 
which is a 3— equivalence: 

M - ^ BSTOP 

So the homotopy groups of the fibre of B — > BSTOP vanish in degrees > 3 and the 
normal 2-smoothing vu induces an isomorphism of homotopy groups in degrees < 2. 

Given any fibration B — > BSTOP, one can define the normal 5-bordism groups Q^B) 
of triangles as above [31], except that one does not require any homotopy theoretic con- 
ditions on the lift of Vm to B. 

Theorem 2.2 ([25J). If two closed 4-manifolds admit B-bordant normal 2-smoothings in 
the same 3-coconnected fibration B — > BSTOP then they are s-cobordant, provided their 
fundamental group satisfies properties (W-A) above. 

Remark 2.3. Note that two 4-manifolds that admit normal 2-smoothings in the same 3- 
coconnected fibration B — > BSTOP must have isomorphic homotopy groups in degrees < 
2. More precisely, given normal 2-smoothings Um, ^n-, the induced maps on ttx and 7r 2 are 
isomorphisms and by composing one such map with the inverse of the other one obtains 
particular isomorphisms vTj(M) = TTi(N) for % = 1,2. The main idea of [25] was that 
Poincare duality would also force isomorphisms for % > 2. This follows from showing that 
M and iV are s-cobordant, and hence simple homotopy equivalent. 

Even though the above theorem avoids an a priori homotopy classification, the compu- 
tation of the S-bordism groups can still be formidable. During the current collaboration, 
we realized that one can use the results of [25] to reduce the s-cobordism classification to 
an easier bordism question. 

We will first recall the definition of the equivariant intersection form % mentioned 
in the Introduction. Let M be an oriented 4-manifold with universal covering M. By 
Poincare duality there is an isomorphism H l c (M; Z) = i?4_j(M; Z), from co homology with 
compact support to homology. In particular, we obtain an isomorphism 

e : H*(M; Z) -»■ H (M; Z) = Z. 



6 



IAN HAMBLETON, MATTHIAS KRECK, AND PETER TEICHNER 



We identify 7r 2 (M) with H 2 (M;7*), by the Hurewicz Theorem, and then via Poincare 
duality with H^(M; Z). The cup product on H^(M; Z) is a n\ (M )-invariant bilinear form 
with values in Z, and thus we obtain a A-hermitian form 

(2.4) s M {x,y):= S ^e {g~ 1 xUy)-g G Zvr = A, 

g&G 

where x, y G H^(M; Z) are the images of x, y G ir 2 (M) under the isomorphisms above. 

Definition 2.5. The reduced normal 2-type of a 4-manifold M is a 3-coconnected fibration 
B — > BSTOP, admitting a lift of the classifying map vm of the normal bundle, which 
is an isomorphism on 7Ti and on 7r 2 is surjective with kernel the radical R(sm) of the 
intersection form sm- We call such a lift a reduced normal 2-smoothing and note that it 
induces the epimorphism tt 2 (M) -> ir 2 (B) = ti 2 (M) ] = ir 2 (M)/R(s M )- 

Theorem 2.6. If two closed A-manifolds admit B-bordant reduced normal 2-smoothings 
in the same 3-coconnected fibration B — > BSTOP then they are s-cobordant, provided 
their fundamental group satisfies properties (W-A) above. More precisely, the s-cobordism 
induces the same isomorphisms on t\\ and (k 2 ) ' as the given reduced normal 2-smoothings. 

Proof. Let W be a normal S-bordism between two reduced normal 2-smoothings. We 
want to replace W by an s-cobordism. Since the Whitehead group Wh(7r) is trivial we 
may ignore bases and look for an /i-cobordism instead. We are now in the situation 
studied in [2^1 Thm.4]. We may replace W by surgeries below the middle dimension by 
a 2-equivalence c: W — ► B. Then the surgery obstruction Q(W,c) in the obstruction 
monoid /s(Z7r) is defined. This obstruction is given by a half rank direct summand V in 
a direct sum of hyperbolic planes over the group ring Z-zr. There is an isometry from V 
to the kernel of the map ir 2 (Mi) — > ir 2 (B) [251 Prop. 8, i)], which in our situation is equal 
to the radical R(sm)- Thus the quadratic form vanishes on V and therefore Q(W,c) is 
contained in the classical surgery group L 5 (Z7r). Using our surjectivity assumption on the 
assembly map A 5 , we will show below that this element can be assumed zero in L 5 (Z7r), 
by connected sum of the original S-bordism W with a closed 5-manifold, equipped with 
a suitable reference maps to B. Thus we are finished by applying [23 Thm.4]. 

The last step in the above argument can be explained in more detail, as follows. The 
assembly map is a map 

Af(M x J, M x {0, 1}) -> L 5 (Zvr), 

where M[M x I,M x {0, 1}) is the set of degree 1 normal maps (T, H, a) where dT = 
M + (— M), H: T ^ M x I is a degree 1 map which is the identity on both boundary 
components, and a is a stable framing of vt — H*^m- Given c: W — > B as in the proof 
above, we can form the sum of W with (T, H, a) by glueing along a boundary component 
M. The new reference map is obtained by composition of H with c. Up to bordism this 
sum is just the connected sum of W with the closed manifold obtained by identifying the 
two boundary components of T. 

Finally we note that if we glue T to W along M, the surgery obstruction is the sum 
of the two surgery obstructions of W and T. This is an immediate consequence of the 
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construction of the surgery obstruction (see [HJ §6]). Thus, if we can realize every element 
of L 5 (Zn) by an appropriate (T,H,a), then by gluing T to W we can ensure that the 
surgery obstruction vanishes. □ 

To apply the above theorem, we need to understand when two 4-manifolds admit re- 
duced normal 2-smoothings into the same 3-coconnected fibration B — > BSTOP. For 
this purpose, we first describe B in terms of a given 4-manifold M. 

Let P = P(M) denote a two-stage Postnikov system with it\(P) = 7Ti(M) = ir, and 

vr 2 (P) = 7r 2 (M) t = 7r 2 (M)/R(s M ). 

Up to homotopy, P is determined by these two homotopy groups and the fc-invariant 
in H 3 (ir;'K 2 (P)). If g-dim(7r) < 2 this /c-invariant is automatically zero. Thus P is 
determined by vri(M) and ^(My alone in this case. 

Definition 2.7. A map c: M — > P is called a reduced 3-equivalence if c induces an 
isomorphism 7Ti(M) = 7r 1 (P), and an isomorphism ir 2 (M)' = ir 2 (P). 

Notice that a reduced 3-equivalence is always a 2-equivalence and it is a 3-equivalence if 

H 2 (n; Ztt) 



and only if R(sm) — 0. We will show in CoroUary l3.2[ that the radical R(sm) 
only depends on n and for most groups currently under consideration, this module is non- 
trivial. 

Lemma 2.8. Let c: M —> P be a reduced 3-equivalence. Then there is a unique class 
w G H 2 {P; Z/2) such that c*(w) = w 2 {M). 

Proof. We have a commutative diagram 

- H 2 (n; Z/2) H 2 (P; Z/2) H 2 {P, Z/2)* H 3 (n; Z/2) 







H 2 (ti; Z/2) H 2 {M- Z/2) H 2 (M; Z/2)- H 3 (ti; Z/2) 

Since H 2 (M; Z/2) — > H 2 (P; Z/2) is surjective, both vertical maps c* and c* are injective, 
showing uniqueness of w. For existence, recall from Remark 13.81 that the class w 2 (M) 
vanishes on the radical R(s^j) of sm- Hence it lies in the image of c* and a diagram chase 
shows that this forces w 2 (M) to be in the image of c*. □ 

Definition 2.9. The pair (P,w) is called the reduced w 2 -type of M, where P = P(M) is 
defined above, and w G H 2 (P; Z/2) is the class constructed in Lemma [2. 81 

Lemma 2.10. Let (P,w) be the reduced w 2 -type of M. Then M admits a reduced normal 
2-smoothing into the homotopy pullback along w: 



BTOPSPIN 



BTOPSPIN 



B(P,w) 



BSTOP 



W-2 



P 



K(Z/2,2) 



8 



IAN HAMBLETON, MATTHIAS KRECK, AND PETER TEICHNER 



where W2- BSTOP — > A'(Z/2,2) denotes the universal second Stief el- Whitney class. In 
particular, the map £: B(P,w) — > BSTOP is a 3-coconnected fibration. 

Proof. Since we use the homotopy pullback, the map £ is a fibration as required. Its 
fibre is homotopy equivalent to the fibre of w which clearly has no homotopy groups in 
degrees > 3. Starting with any reduced 3-equivalence c : M — > P, we see that a lift of vm 
to B(P, w) is the same as a homotopy between the two maps W2 ° vm and woe from M to 
A' (Z/2, 2). By Lemma [2.81 such a homotopy exists by our choice of w. Note that different 
choices of this homotopy correspond to different lifts of vu- However, since BTOPSPIN, 
the fibre of the map u>2, is 3-connected, it is clear that any lift of um constructed in this 
way is a reduced normal 2-smoothing. □ 

The fibration B(P,w) — > BSTOP constructed in Lemma [2.101 is the reduced normal 
2-type of M, as in Definition 12.51 The corresponding normal bordism groups [31] wm be 
denoted by f2 4 (£>(P, w)). They can be calculated via the James spectral sequence [37], a 
variant of the Atiyah-Hirzebruch spectral sequence, with E^-term 

El q = H p (P;Q^ m (*)), 

where the notation Qj opSptn (*) means the topological spin bordism groups. The next result 
gives sufficient conditions for two 4-manifolds M and A to have the same reduced normal 
2-type B. This is the first step when trying to apply Theorem 12.61 to find a s-cobordism 
between M and A. The step will be to see whether they represent the same element in 
Q^(B) for some choices of reduced normal 2-smoothings. 

Proposition 2.11. Let M , A be closed oriented 4-manifolds with geometrically 2-dimen- 
sional fundamental groups. Suppose there is an isomorphism a: m(M) = ni(N) of their 
W2-types and an isometry (3: ^(M)^ = 7r 2 (A)"l" ; compatible with a. Then there is a 3- 
coconnected fibration B — > BSTOP admitting reduced normal 2-smoothings M — > B and 
N — ► B that induce (a, (3) in the sense of Remark 12.31 

Proof. As explained above, we may assume that B = B(P,w) is constructed starting 
with a reduced 3-equivalence cm '■ M — > P. The maps a, (3 give a reduced 3-equivalence 
c N : N -> P. 

If w lies in the image of H 2 (ir; Z/2) then c* N (w) = 102(A) by our assumption that a is 
an isomorphism of u>2-types. It follows just like in Lemma [2.101 that A admits a reduced 
normal 2-smoothing to B. By construction, the induced maps on m and (7r 2 )^ compose 
to (a, 0). 

The harder case is when w does not lie in the image of H 2 (tt] Z/2). This is exactly the 
case where M and A have type (I). Since cm and cjy induce the isometry 

P = (cjv); 1 o (c A .f)* 

on reduced intersection forms, we know that c* N (w) = u>2(A), where w is the pullback 
of w to the universal covering P. It follows that c* N (w) = u> 2 (A) + u*(x) for some 
x G H 2 (tt] Z/2) and u : P — > K(tt, 1) a 2-equivalance. After post- composing Cm with the 
self- homotopy equivalence provided by the following lemma, our proof finishes just as in 
the case above. □ 
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Lemma 2.12. Given x £ P 2 (?r;Z/2) andw £ P 2 (P;Z/2) not in the image of H 2 (tt; Z/2), 
there is a self-homotopy equivalence h of P over u: P — > K(tt,1) such that h*(w) = 
w + u*(x). Moreover, h induces the identity map on 7r 2 (P). 

Proof. The homotopy classes of self-equivalences of P inducing the identity on 7Ti and 7r 2 
are in bijection with the group H 2 (ir; 7r 2 (P)). This correspondence is explicitly described in 
[2X Theorem 5.2.4, p. 300], and explained in the proof of Lemma 11 in [21]. After choosing 
a section of the fibration P — > K(tt, 1), there is a characteristic element <p £ P 2 (P; 7r 2 (P)) 
which maps to the identity in HoniA(7r 2 (P), 7r 2 (P)) under the natural evaluation map. For 
any class (j) £ P 2 (vr; 7r 2 (P)), there exists a self-equivalence h^: P — > P such that 

If £ P 2 (P; Z/2) is not in the image of H 2 (tt]Z/2), it induces a non-zero coefficient 
homomorphism u>: vr 2 (P) — > Z/2, and we obtain a map 

w*: P 2 (vr;7r 2 (P)) ^H 2 (P; Z/2). 

Since g-dim7r < 2, any class x £ H 2 (ir]Z/2) lifts to a class <fi £ H 2 (ii] 7r 2 (P)) such that 
w*(4>) = x, by the long exact coefficient sequence. Now the required formula follows by 
applying the change of coefficients map w* to both sides of the relation above. □ 

The proof of Theorem C. We can now reduce the proof of Theorem C to the existence of a 
suitable P-bordism, which will be studied in Section [51 Let M and iV be two 4-manifolds 
as in that theorem. By Proposition 12.111 we know that they admit reduced normal 2- 
smoothings in a common reduced normal 2-type B —>■ BSTOP, inducing the given maps 
(a, (3). We know that the fundamental group in question satisfies properties (W-AA) and 
hence we can apply Theorem 12.61 once we show that the reduced normal 2-smoothings 
are P-bordant. 

The injectivity of the assembly map A4 is needed to show that such a P-bordism indeed 
exists if M and satisfy the assumptions of Theorem C. This fact is proven in Section 
and summarized in Corollary 15.141 □ 

3. Thickenings and minimal models 

For the proof of Theorem B it is important to have a good model for each bordism 
class in the normal 1-type of M. The central tool for this is the construction of certain 
minimal 4-manifolds. 

For any closed 4-manifold M with fundamental group n, we have an exact sequence 

(3.1) -> P 2 (tt; A) -> H 2 (M; A) -> Hom A (P 2 (M; A), A) -> P 3 (tt; A) -> 

arising from the universal coefficients spectral sequence. Here and in the following we 
denote by A the group-ring Ztt of the fundamental group. Using Poincare duality and the 
Hurewicz isomorphism, we get 

H 2 (M; A) = P 2 (M; A) = tt 2 (M) 

and we can identify the middle map in the above sequence with the adjoint of the equi- 
variant intersection form %. Therefore, we obtain the following corollary. 
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Corollary 3.2. The radical R(sm) of the intersection form sm is isomorphic to the ir- 
module R(ir) := H 2 (tt; A). Similarly, the coradical of Sm is always isomorphic to H 3 (ir; A). 

To construct smooth 4- manifolds with a given fundamental group ir we start with a 
finite presentation V of ir with n generators and m relations. Then there is a 2-complex 
X(V) with a single 0-cell, n 1-cells and m 2-cells, attached according to the relations. 
We can turn this 2-complex to a 4-manifold as follows. Take a single 0-handle and add n 
oriented 1-handles leading to a boundary connected sum of n copies of S 1 x D 3 . 

The attaching maps for m 2-handles are homotopically determined by V but they can 
also knot, link and have interesting framings. This leads to many different 4-manifolds 
with fundamental group it which we refer to as 4-dimensional thickenings of X(V). This is 
a 4-manifold that contains X(V) as a deformation retract. This zoo of possible thickenings 
is drastically reduced when we double such a thickening along its boundary to produce 
a closed, smooth, orientable 4-manifold. It is naturally the boundary of a 5-dimensional 
thickening of X(V), namely the product of a 4-dimensional thickening cross the unit 
interval. 

Lemma 3.3. For any finite presentation V of a group ir, and class w G H 2 (X(V); Z/2), 
there is unique orientable 5-dimensional thickening W(V,w) with deformation retraction 
r onto X(V) satisfying r*(w) = W2{W (V , w)) . 

Proof. This Lemma goes back to Wall's paper on thickenings [3H] but we give a direct 
handle argument for the convenience of the reader: Since the handles are 5-dimensional 
the attaching circles of the 2-handles cannot knot or link and hence their isotopy class is 
determined by the presentation V. Moreover, the framing on each 2-handle is just defined 
mod 2. More precisely, a cocycle representative for the class w G H 2 (X(V)]Z/2) gives 
a function on the 2-cells to Z/2, which can be used to vary the given framings by an 
element of tti(SO(3)) = Z/2 for each 2-handle. If one started with trivial framings (that 
extend over some Seifert surface) then it is not hard to see that w turns into the second 
Stiefel- Whitney class of the thickening W(V,w). 

Since any 2-cochain is a 2-cocyle of X(V) it only remains to show that a 2-coboundary 
doesn't change the diffeomorphism class of W(V, w). It suffices to discuss 2-coboundaries 
that change the framings of all 2-handles that go over a given 1-handle an odd number of 
times. However, a 1-handle forms S 1 x D A together with the 0-handle and the twisting 
diffeomorphism of S 1 x S* 3 coming from tti(SO(3)) clearly extends over this 5-manifold. □ 

We denote by M(V,w) the boundary of a 5-dimensional thickening W(V,w). As 
explained above, this is the double of a 4-dimensional thickening. Now recall that for 
any space X with fundamental group tt there is an exact sequence 

(3.3) H 2 (n; Z/2) H 2 (X; Z/2) H 2 {X; Z/2)" 

In particular, if X is aspherical then the first map is an isomorphism which will be the case 
for X = X(V) in the following discussion. In that case, the double M(V, w) is determined 
by a class w G H 2 (tt; Z/2) which is its u>2-type as explained in the introduction. It will be 
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implicit in the following that if a 4-manifold has a u>2-type w G if 2 (7r;Z/2) then it does 
not have type (I). 

Definition 3.4. A closed oriented 4-manifold M will be called minimal if the intersection 
form on tt 2 (M) vanishes, or equivalently, if n 2 (M) = R(sm) — -R(tt) via the map in the 
above sequence 13.11 

The following class of groups turns out to allow minimal 4-manifolds and several other 
steps in the classification of Bausmlag-Solitar groups generalize easily to this larger class. 

Definition 3.5. A finitely presentable group ir is geometrically 2- dimensional if there 
exists a finite presentation V such that the corresponding 2-complex X(V) is aspherical. 
We will use the notation g-dini7r < 2. 

Remark 3.6. A finite presentation V for which X(V) is aspherical will be called a 
minimal presentation. This is equivalent to the matrix of Fox derivatives corresponding 
to V being non-singular over Z7r. Examples of geometrically 2-dimensional groups include 
free groups, 1 -relator groups and small cancellation groups [27] , provided they are torsion- 
free, as well as many word-hyperbolic groups (see also [T7J 2.3], [201 §10]). 

We shall prove that minimal 4-manifolds with fundamental group ir exist, assuming 
that g-dim7r < 2. 

Lemma 3.7. If g-dimtr < 2, the doubles M(V,w) are minimal for any minimal presen- 
tation V Of 71. 

Proof. We have M := M(V,w) = N U N, where A denotes one of the thickenings of V 
described above. The long exact sequence 

> H 2 (N; A) — H 2 (M- A) -> H 2 (M, A; A) -> Hi(N; A) 

reduces to an isomorphism in the middle because Hi(N; A) = for i — 1, 2 since N has 
the homotopy type of the aspherical 2-complex X(V). This, together with excision and 
Poincare duality, leads to isomorphisms 

tt 2 (M) = H 2 (M; A) = H 2 (M, A; A) = H 2 (N, dN; A) = H 2 (N; A) = H 2 (n; A) = R(n) 

showing that M is minimal. □ 

Remark 3.8. There is no minimal 4-manifold M with type (I). This is because w 2 (M) ^ 
would imply that there exists a class x G vr 2 (M) with ordinary self-intersection x ■ x ^ 
(mod 2). But the ordinary self-intersection number is just the coefficient of %(x,i) at 
the identity element, and for a minimal 4-manifold the form sm is zero. 

4. Stable Classification 

Recall that two 4-manifolds are stably homeomorphic if they become homeomorphic 
after connected sum with copies of 5* 2 x S 2 . It is clear that this operation preserves 
the fundamental group and the w 2 -type. Fixing the fundamental group ir, the stable 
classification is always given by the bordism group of the normal 1-type of the 4-manifolds, 
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see [25l p. 711]. As for the normal 2- type explained in Section [2j this is a 2-coconnected 
fibration B — > BSTOP that admits a lift of the normal Gauss map that is a 2-equivalence. 

The easiest case is type (I) where we have the following application of the methods of 
[2B] . For any closed, oriented 4-manifold M, let c: M — > K(ir, 1) denote a classifying map 
of its universal covering, and let c*[M] G #4(71", Z) denote the image of its fundamental 
class. 

Lemma 4.1. Two closed oriented 4-manifolds Mi and M 2 of type (I) are stably home- 
omorphic if and only if they have the same fundamental group, signature and Kirby- 
Siebenmann invariant, and c*[Mi] = c*[M 2 ] G H^(tt; Z). 

Proof. For type (I), the normal 1-type is just BSTOP x K(tt, 1) and we can use the 
Atiyah-Hirzebruch spectral sequence (and the well-known values Qf TOP (*) = Z © Z/2 
and f2g TOP (*) = for 1 < q < 3) to compute 

Qf TOP {K{7r, 1)) = Z © Z/2 © H 4 (n- Z) 

with signature, Kirby-Siebenmann invariant and fundamental class c*[M] giving the iso- 
morphism. □ 

Remark 4.2. Recall that the signature of a closed, oriented 4-manifold M refers to the 
signature of the intersection form on if 2 (M;Z), given by the cup product pairing and 
evaluation on [M] G H±(M; Z). If a 2-equivalence c: M — > K(ir, 1) has the property that 
= c*[M] G H^tt; Z), then sign(M) is equal to the signature of the form % ©ztt Z. This 

is because the image if 2 (7r;Z) H 2 (M;Z) is totally isotropic under the cup product 
pairing by the following observation for x, y G H 2 (ir; Z): 

(c*(x) U c*(y), [M]) = (xUy, c*[M]) = 

This remark applies in particular to all 4-manifolds with geometrically 2-dimensional 
fundamental group. 

Corollary 4.3. Let M be a closed, oriented 4-manifold with geometrically 2-dimensional 
fundamental group and type (I) . Then M is stably homeomorphic to M # where M 
is minimal and N is a closed simply- connected 4-manifold. 

Proof. Let Mq denote a minimal smooth 4-manifold constructed in Lemma 13.71 Adding 
copies of CP 2 , or the Chern manifold, with appropriate orientations we can arrange that 
M and M # have the same signature and Kirby-Siebenmann invariant, and both have 
type (I). By the above lemma and remark, they are stably homeomorphic. □ 

The following proves the first part of Theorem B: 

Corollary 4.4. If M is a closed, oriented 4-manifold with geometrically 2-dimensional 
fundamental group it, then vr 2 (M) t = 7r 2 {M)/R(s M ) is a finitely-generated stably-free Z7r- 
module, where R(sm) is the radical of the intersection form sm on ^(M). 

Proof. If M is any closed 4-manifold with 7Ti(M) = it, we can form M#CP 2 to obtain 
type (I). Therefore, M # CP 2 is stably homeomorphic to a manifold of the form M # N, 
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where N is simply-connected and Mq is minimal, i.e. ^(Mq) = R(sm )- The result now 
follows from the exact sequence (I3.ip . which is split short exact in this case. □ 

Lemma 4.5. For W2-type w € if 2 (7r;Z/2), with g-dini7r < 2, the bordism groups of the 
normal 1-type are given by 

Q 4 (-B(7r, w)) ^ 8Z © H 2 (tt; Z/2). 

The first invariant is the signature (always divisble by 8) and modulo the action of the 
automorphism group of n on the second factor, this gives the stable homeomorphism clas- 
sification of closed oriented manifolds with fundamental group it and w 2 -type w. 

Proof. Just as in Lemma r2.1CH one proves that the normal 1-type is given by the homotopy 
pullback 

BTOPSPIN »- B(tt, w) ^ K(tt, 1) 

£ w 

BTOPSPIN BSTOP K(Z/2, 2) 

where w 2 : BSTOP — > if (Z/2, 2) denotes the universal second Stiefel- Whitney class. The 
corresponding normal bordism groups will be denoted by fl^ir, w). They can be calculated 
via the James spectral sequence [37], with _E 2 -term 

Recall that n T q opSpin (*) = Z, Z/2, Z/2, 0, Z, in the range < q < 4. Since vr is 2- 
dimensional, all groups with p > 2 are zero. In particular, there are no differentials 
affecting the line p + q = 4. The bordism class represented by the £'8-manifold accounts 
for the term Eq 4 = 8Z. The term E\ 2 = Hiift] Z/2) and there are no other terms on the 
line p + q = 4. It follows from [37] that the signature of any 4-manifold with this normal 
1-type is divisible by 8 and hence the result follows. □ 

5. Detecting 5-bordism classes 

In this section we fix a geometrically 2-dimensional group ir that is going to be the 
fundamental group of all our 4-manifolds below. We want to compute the bordism group 
Q4(B(P, w)) using the James spectral sequence. For this we compute the homology of P 
from the Leray-Serre spectral sequence of the fibration 

K(A,2)^P^K(n,l), 

where A := vr 2 (P) is a finitely-generated, stably-free A-module by Corollary 14.41 Hence 
A is a countably-generated free abelian group. Let T(A) = H^P; Z) denote Whitehead's 
T- functor (see [121 § 5]), and for any A-module L we will use the notation L n := L ®a Z 
for the cofixed set of L. 

Lemma 5.1. For % = 0, 1, 2, 3, A, the homology groups Hi(P; Z) are given by 

Z, #i(tt;Z), H 2 (n;Z)®A w , 0, T(A) 7r 



14 



IAN HAMBLETON, MATTHIAS KRECK, AND PETER TEICHNER 



Proof. Since A is a stably-free A-module, so is T(A) (compare [HI Lemma 2.2]). This 
means that Hi(Tr] A) = and Hi(ir; T(A)) = for % > 0. Further details will be left to the 
reader. □ 

In order to compute the differentials in the James spectral sequence below, we will 
need the following result. Let u: P — >• K(n, 1) denote the classifying map of the universal 
covering. 

Lemma 5.2. For any class w e H 2 (P;Z/2), the map Sq 2 w : H 2 (P;Z/2) -> # 4 (P;Z/2), 
given by Sq^(x) = xUx + xUw, has kernel generated by {w, u*H 2 (tt; Z/2)}. 

Proof. Let p: P — > P denote the projection of the universal covering and u) = p*(u>). If 
w ^ 0, then u*{y) U w = 0, for all y E H 2 (ir; Z/2), since H 2 (ir; H 2 JP] Z/2)) = in the 
(2, 2) position of the spectral sequence for the universal covering P — >• P. We therefore 
have the commutative diagram 

H 2 {n- Z/2) — H 2 {P- Z/2) H 2 (P; Z/2) 



Sql 



H\P- Z/2) H 4 (P; Z/2) 

since ^(vr; Z/2) = 0. 

The map induced by Sq~ on H 2 (P; Z/2) has kernal (w) since the space P = K(A, 2) is 
the Eilenberg-Maclane space of a countable direct sum of copies of Z. Its homotopy type 
is the colimit 



K(A, 2) = K( Z, 2) ~ colim( JJ CP 00 ) 



of products of finitely many copies of CP 00 . □ 

Lemma 5.3. Let (P,w) be a reduced W2-type with g-dim7r 1 (P) < 2. Then there is an 
injection 

n 4 (B(P, w))CZ® Z/2 © H 2 (tx- Z/2) © # 4 (P; Z) 

detecting the bordism groups of the reduced normal 2-type B(P,w). The invariants are 
the signature, the KS-invariant, an invariant in if 2 (7r;Z/2), and the fundamental class 
c*[M] e ff 4 (P;Z). 

Later we will define and investigate the bordism invariant in iy 2 (7r; Z/2). 

Proof. The argument splits naturally into two cases, depending on whether (B(P, w)) is of 
type (I) or not. In the latter case, the reduced normal 2-type pulls back from the normal 
1-type. Since the /c-invariant for P lies in H 3 (ir; 7r 2 (P)) = 0, the fibration P — > K(tt, 1) 
has a section which gives a direct sum splitting of the bordism groups. The result then 
follows almost directly from the homology computation in Lemma [57T1 The James spectral 
sequence has P 2 -term 

El q = H p (P;n^ m (*)), 
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and the only subtlety is the ^-differentials that start in the E^i spots, where i = 0,1. 
For % — 1, it is given by the dual of the map in Lemma [5.21 above. This Lemma implies 
that the cokernel of d 2 is H 2 {-k\'L/2). For % — 0, one needs to compose in addition with 
the reduction map from if 4 with integral to Z/2 coefficients. The resulting ^-differential 
has a kernel inside H±{P\ Z) which is exactly the image of the inclusion described in the 
statement of our lemma. 

Now assume that (P, w) is of type (I). By Lemma [531 the P^-term of the James spectral 
sequence has at the (2, 2) position H 2 (n; Z/2) ©Z/2 [a], where a e H 2 (P; Z/2) is a spher- 
ical class such that (w, a) ^ 0. We claim that the component in Z/2 [a] is determined by 
the Kirby-Siebenmann invariant. It is enough to find a bordism class with signature zero 
and trivial image of the fundamental class which represents a and has non-trivial Kirby- 
Siebenmann invariant. For this we consider N := CH#(— CP 2 ), where CH = *CP 2 is 
the Chern manifold with non-trivial Kirby-Siebenmann invariant [TTJ. The manifold N 
is homotopy equivalent to CP 2 #(— CP 2 ) which is an 5* 2 -bundle over S 2 . The bundle 
projection translates to a map g: N — > S 2 which sends the classes of square ±1 in H 2 (N) 
to generators in H 2 (S 2 ). 

Since a is a spherical class, there is a map h: S 2 —> P representing a. The bordism 
class we are looking for is represented by (N,hg). By construction the pullback of w 
under this map is w 2 (N) and so it gives an element in our bordism group, which has the 
desired properties. □ 

Remark 5.4. If (P,w) is not of type (I) then the above proof shows that the bordism 
groups of the reduced normal 2-type B(P,w) are detected by the natural map to the 
bordism groups of the normal 1-type B(ir, w) and the fundamental class c*[M] G H 4 (P; Z). 
In particular, it follows from Lemma H~51 that the signature is divisible by 8 and the Kirby- 
Siebenmann invariant is determined by the other invariants. For type (I) we proved that 
the signature can be any integer and the Kirby-Siebenmann invariant is independent from 
all other invariants. 



Next we will show that the bordism invariant in PT 2 (7r;Z/2) given in Lemma 15.31 is 
detected by the other invariants. This was used in the proof of Theorem C. 

Recall that a closed oriented 4- manifold M determines a reduced 3-equivalence c: M — > 
P (see Definition 12. 7p . where (P,w) is the reduced u>2-type (P,w) of M (see Lemma [2.81 
and Definition 12.91) . Let B(M) = B(P,w) denote the resulting reduced normal 2-type of 
M. 



Definition 5.5. We define the subset of normal structures in Q±(B(M)), denoted by 
r2 4 (i?(M))jv./. It consists of the normal bordism classes (N,f) over B(M), with f*[N) = 
c*[M], sign(iV) = sign(M), and KS(M) = KS{N). In other words it is the subset of 
the reduced bordism group, which is the fibre over (c*[M], sign(M), KS(M)) of the map 
to H±(P) © Z © Z/2 given by the image of the fundamental class, the signature and the 
Kirby-Siebenmann invariant. □ 
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We stress that Q&(B(M))m is a subset and not a subgroup. This subset is non-empty, 
since it contains [M, c]. Now we define a map 

9: Q 4 {B{M)) M -> L 4 (Zvr) 

as follows: for any element [N,f] G fl 4: (B(M)) M , we do surgeries until / is 2-connected 
and let 

V := ker(7r 2 (iV) — > n 2 (B(M))) 

Since f*(w) = w 2 (N), it follows that W2{N) is zero when restricted to V. Moreover, 
R{sn) Q V since the intersection form is non-singular on tt 2 (B) by construction. 

Lemma 5.6. The restriction of to V induces a non-singular, even form Ajv,/ on 
= V/R(sn), which is a finitely- generated stably free A-module. 

Proof. Since ^(B) = vr 2 (P) = 7r 2 (My is a stably-free A-module, we can split V = 
R(tt) © A, where A is also a stably-free A-module. Since j*f*[N] = c*[M] it follows that 
the restriction of sjy to A = is non-singular (this is the usual argument for surgery 
kernels [^T| Lemma 2.2]). □ 

Remark 5.7. If [N,f] 6 f2 4 (£>(M))M and / is a reduced 3-equivalence, then (sjv)^ — 
(%)^. The reason is that the image of the fundamental class of a reduced 3-equivalence 
determines the reduced intersection form. 

Definition 5.8. We define the map 9: n A (B(M)) M -> L 4 (Ztt) by setting 6(N, f) = 
[Ajv,/] e L 4 (Zvr). 

Lemma 5.9. TTie map # is well-defined. 

Proof. If [iVi, fi] = [N 2 , f 2 ], then by [25| Cor. 3] the manifolds A r 1 and iV 2 become home- 
omorphic over B, after connected sum with copies of S 2 x S 2 . It follows that the non- 
singular even forms Xy L and Ay 2 become isometric by adding hyperbolic forms on free 
A-modules. □ 

If X is a closed, simply-connected manifold, then we have a stabilization map 

j x : Q 4 (B(M)) - Q 4 (S(M 

defined by sending an element (N, f) to (N#X, fx), where the new reference map 
/x : -/V # X — > 5(M # X) is given by the composition 

N # X -»• N V X 5(M) VI-* 5(M) V 5(X) -> B(M # X). 

It is clear that the stabilization map induces a map of the normal structure subsets. By 
construction of the map 9, we have the following: 

Lemma 5.10. Let X be a closed simply connected manifold. Then 9 commutes with the 
stabilization map jx - ^4,(B(M)) M —> f2 4 (£>(M # X)) M # X - 

Recall from Lemma [5.31 that we have an injection of sets 

p M :n 4 (B(M)) M ^H2(n 1 ;Z/2) 
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defined by projecting the element 

[N,f]^[NJ}-[M,c], 

in the second filtration subgroup of Q 4 (B(M)) to E% 2 C H 2 (n;Z/2) © Z/2, and then 
projecting further into H 2 {j^\ r Lj2\ By construction, the map p also commutes with the 
stabilization map n 4 (-B(M))jy/ £l±(B(M # X))m#x as defined above. We want to 
relate p to the assembly map 

A 4 : H 4 (K(tt, 1); L (Z)) -> L 4 (Ztt) 

as described in [T5l §1]. The domain of this assembly map is given by 

H 4 (K(ir, 1); L (Z)) = ^ (vr; Z) © # 2 (7r; Z/2) 

and we only need the restriction 

k 2 : ff 2 (vr;Z/2) -> L 4 (Zvr) 

of A 4 to the second summand. By comparing with the trivial group, it is easy to see that 
A 4 is injective if and only if k 2 is injective, so that is part of our assumption (W-AA) in 
Theorem C. 

Lemma 5.11. In the above setting there is a commutative diagram 

n 4 (B(M)) M ^ Z 4 (Ztt) 

H 2 (tt; Z/2) 

Proof. The case where M is a minimal spin manifold follows from Davis [6j Thm.3.10]. 
By the signature theorem, for any degree one normal map f : N —> (M, vm) the signature 
of N is equal to that of M. Thus there is a bijection between the set of degree one normal 
maps to (M,Um) and H 2 (M;Z/2) [H], [23]. Since the Kirby-Siebenmann invariant of a 
spin manifold is determined by the signature, also this invariant agrees with that of M. 
Davis starts with such a degree 1 normal map / : N — > (M, um) (which corresponds to an 
element (3 G H 2 (M; Z/2)), and chooses spin structures on M and N so that he can consider 
the elements [M, id] and [N, f] in Q^ op pm (M). Then he considers the Atiyah-Hirzebruch 
spectral sequence computing Q^ opSpm (M) and shows that there are spin structures on M 
and N such that 7 := [M, id] — [N,f] sits in the filtration subgroup F 2j2 . Furthermore 
he shows that 7 maps to n [M] E H 2 (M;Z/2) = E$° 2 - This together with Wall's 
characteristic class formula [ID], [36] implies that n 2 {u*{^)) = 9(N,f). 

Now we compare this information with the corresponding information when we pass 
from M to B(M). If M is minimal, then B(M) = K(n, 1) x BTOPSPIN. By construc- 
tion of our map 9 and the classical surgery obstruction we have 6(N, f) = 6(N, cf). We 
conclude that for M minimal 




9[N,cf]=K 2 (p[N,cf}). 



18 



IAN HAMBLETON, MATTHIAS KRECK, AND PETER TEICHNER 



We summarize these considerations: If M is a minimal spin manifold and (3 G H 2 ('k;'L/2) 
there is an a G Q 4 (B(M)) M with p(pi) = j3 and 

9(a) = n 2 (p(a)). 

This implies that p is surjective and so, since it is injective, a bijection to H 2 (tt; Z/2). 
From this we have the required formula for minimal manifolds. 

Since the maps p commute with stabilization by connected sum with any simply con- 
nected manifold X, p is a bijection for Mq j^X and the stabilization map 

j x : Q 4 (B(M)) M ^Q 4 (B(M^X)) 

M#X 

is a bijection. Since the maps 9 also commute with stabilization, the relation 9(a) = 
n 2 (p(a)) holds for M #X as well. 

Next we remark that an orientation-preserving homeomorphism h: M — > M' over 
K(ir,l) induces a map 

n 4 (B(M)) M « VL 4 (B(M')) M > 

on the subset of normal structures, induced by composing the reference maps with h, or 
(N, f) i — > (N, ho f). More precisely, it is clear that the fundamental class c*[M] i— > c*[M'], 
and the conditions on signature and i'TS'-invariant are preserved by orientation-preserving 
homeomorphisms. 

Finally, if M\ is arbitrary and KS(M) = 0, there exist integers (r, s) and (r', s') such 
that M = M #X is homeomorphic to M' = M x #X', where X = # r CP 2 # S (-CP 2 ), 
and X' = # r , CP 2 # s /(— CP 2 ). Again commutativity of the maps under stabilization 
with 1-connected manifolds implies the Lemma. If KS(M) = 1, we replace one of the 
CP 2, s by the Chern manifold CH. □ 

Corollary 5.12. Suppose that [N,f], is an element in Q 4 (B(M)) , with f a reduced 3- 
eqmvalence such that sign(iV) = sign(M) and KS(N) = KS(M). If f*[N] = c*[M] and 
k 2 : H 2 (ir;Z/2) -> L 4 (Zn) is injective, then [N,f] = [M,c] G Q 4 (B(M)). 

Proof. If f*[N] = c*[M], the intersections forms are isometric since / is a reduced 3- 
equivalence, and so 9[N,f] = 9[M,c] = 0. By the previous Lemma, K 2 (p[N,f]) = 
and so p[N, f] = since n 2 is injective. But p[N, f] is defined as the projection of 
the difference element [N,f] — [M,c] into H 2 (tt;Z/2). Since by Lemma [5.31 the bordism 
class is determined by the signature, the Kirby-Siebenmann obstruction, the image of the 
fundamental class and p, we have [N, f] = [M, c]. □ 

The next step in our bordism calculation is to control the image of the fundamental 
class c*[M] G H 4 (P) by the reduced intersection form (sjw)L 

Theorem 5.13. Two reduced ^-equivalences cm'- M — > P and c^'- N P satisfy 

(c M UM} = {cMN] G H 4 (P;Z) 

if and only if (cn)* 1 °(cm)* '■ ^{My — * 7r 2 (Ny induces an isometry of reduced intersection 
forms. 
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The proof of this result will be given at the end of this section. Since the signature is 
determined by the intersection form on 7r 2 (M), we conclude from this result and Corollary 
15.121 the following result. 

Corollary 5.14. Let M and N be closed oriented 4-manifolds with the same Kirby- 
Siebenmann invariants. Suppose that k 2 : H 2 {'Ki{M);'L/2) — > /^(Ztt^M)) is injective. 
Let a : iri(M) — > iri(N) be an isomorphism of w 2 -types and [3 : 7r 2 (M)f —> ir 2 (Ny an a- 
compatible isometry. Then there are reduced 2-smoothings M — > B(M) and N — > B(M) 
compatible with (a, (3) which are bordant in VLi(B(M)). 

Proof. Proposition 12.111 implies that there are reduced 2-smoothings into the same 3- 
coconnected fibration B — > BSTOP which we may assume to equal B(M). Lemma [5.31 
gives the invariants that control the bordism class in VL A {B{M)). All these invariants are 
controlled by our assumptions and Theorem I5.13[ Corollary 15.121 □ 

The remaining part of this section is devoted to the proof of Theorem 15.131 There is a 
commutative diagram 

H l /(P; I)* — Hom z (iy£(P; Z), H 2 (P; Z)) w 

tr 

H A (P- Z) Hom A (tf 2 (P; A), H 2 (P; A)) 

where tr: H^(P; Z) — > H l /(P; Z) denotes the transfer map induced by the universal cov- 
ering P — > P. The image of tr(c*[M}) under the top horizontal slant product map uo is 
just the inverse of the adjoint of the equivariant intersection form (smV ■ 

Lemma 5.15. The composition uo o tr is injective. 

It is enough to prove this injectivity after stabilizing M by connected sum with copies 
of S 2 x S 2 , so we may assume that A = tt 2 (P) is a finitely-generated, free A-module. Let 
{a,;} denote a Z-basis for A. In our applications, each a* = gej, for some g G 7r, where 
{ej} denotes a given A-basis for A. This is the natural underlying Z-basis for a free, based 
A-module. 

Following [4"2l p. 62], we define 

A* = {(p : A — > Z | 4>(ai) = for almost all i} 

Let {a*} denote the dual basis for A*. We say that a homomorphism /: A* — > A is 
admissible if f{a*) = for almost all i, and that / is symmetric if a* fb* = b* fa* for all 
a*,b* G A*. 

Lemma 5.16 ([42, p. 62]). 

T(A) = {/ : A* — > A | / is symmetric and admissible} 
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The proof of Lemma \5.15[ Suppose now that A = A r , and notice that HoniA(A, A) = A*. 
Then we have a commutative diagram 

T(A)*t H l /(P; Zy Hom z (A*, Af 

N N N 

Y{A\ — H 4 {P; %\ Horn" (A*, A\ 

where Hom a denotes the admissible homomorphisms, and the norm maps N : — > L n 
are formally defined for any A- module by applying the operator N = Ylid I 9 71 } (this 
makes sense only if the sum is actually finite when N is applied to elements of L). Now 
the point is that the right-hand norm map in the diagram is a direct sum of the norm 
maps 

N: Hom£(A*,A), r ->Hom z (A*,A)' r 
It is convenient to identify A* = A, and then express 

Hom z (A*, A) = Hom z (A, A) = Hom z (A, Z) 

gen 

where the induced 7r-action on the right-hand side permutes the copies of Hom^(A, Z) by 
the formula (h ■ (f)) g = h<j) h -i g . If we restrict to the 7r-fixed set of this action, then the 
component at g = e determines all of the other components. Therefore, projection on the 
component of g = e gives an isomorphism 

(0 Hom z (A, Z)Y = Hom z (A, Z) 

gen 

Similarly, if we restrict to admissible maps and project to the co-fixed set, the maps 
concentrated at the identity component represent the equivalence classes. Therefore 

Hom^A*,^ (0Hom^(A,Z)) 7r = Homg(A,Z) 

ge-K 

Let = (4> g ) be an admissible homomorphism with (ft g = unless g = e. The norm map 
is now given by the formula 

h h 

After projection to the identity component, we see that the right-hand norm map in the 
diagram is just a direct sum of standard inclusions 

Hom£(A,Z) C Hom z (A,Z) 

which is certainly injective. It follows that uo o N is injective. 

Under our assumptions on P, we have an isomorphism H^P; Z) n = H^{P\ Z) by pro- 
jection from the universal covering. Therefore the norm map 

may be identified with the transfer tr. Therefore u o tr is injective. □ 
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Remark 5.17. Another way to express this conclusion about N is to identify 

A = Hom|(A*, A), -> Hom z (A*, A)" A 

where A denotes the ring of infinite Z-linear combinations of elements of it. One can 
verify that the norm map corresponds to the natural inclusion A C A, which is just 

z c ru z. 

JTie proof of Theorem \5.13l If (ci)*[Mi] = (c 2 )*[M 2 ], we get (s Ml ) t — (sjw 2 )^ by applying 
the map u o tr. The converse holds since u o tr is injective by Lemma [5 .151 □ 

6. Baumslag-Solitar groups 

Our goal in this section is to establish the properties (W-AA) from Definition 11.21 
for these groups. The Baumslag-Solitar groups tt = B(k) are 1-relator groups, so the 
presentation 2-complex X is a K(tt, 1), [27]. It follows that H 2 (X; TjTt) = H 2 {tt; T/k). 

Remark 6.1. For the "exceptional" cases k — 0, 1, —1 we just have X = S 1 , the torus 
T 2 , or the Klein bottle. 

The chain complex C(X) for k ^ has the form (compare (TJJ Lemma 4.3]) 

where A = Ztt denotes the integral group ring, and e is the augmentation map. The 
boundary map d\ = (1 — a, 1 — b) and the boundary map 82 = (g a ) is given by the Fox 
derivatives [9] of the relation aba~ 1 b~ k 

d a = 1 — aba' 1 , db = a — aba~ 1 b 

From this complex, one can compute the homology of B(k). Note the convention 
(di o 82) {v ) = v -82-81 expressing the composition in terms of right matrix multiplication. 

Lemma 6.2. For tt = B{k), we have the following (co)homology groups. 

(i) Hx(ir; Z) = Z © Z/(k - 1), H^n; Z) = for i > 2. 

(ii) H 2 {'K] Z) = Z if k = 1, and H^tt; Z) = otherwise. 

(iii) H 2 {tx-Z/2) = Z/2, if k is odd, and H 2 {n;Z/2) = 0, if k is even. 

(iv) H\n; Zvr) = for i ^ 2 and k ^ 0. 

(v) .R(7r) = H 2 (n; Z7r) /ree abelian, and surjects onto Z[l//c] if k ^0. 

Proof. By [2^| Cor. 2] the group H 2 (7r;Z7r) is free abelian for 1-relator groups, and as 
observed in [131 Lemma 4.3] it surjects onto Z[l/fc]. The other parts will be left to the 
reader. □ 

Remark 6.3. It is an interesting question whether 7r 2 (M) is always a free abelian group, 
for any closed 4-manifold M. This seems to be the same as asking whether H 2 (tt; Z7r) is 
always free abelian for any finitely-presented group tt. The latter is a well-known question 
in group theory. 




22 



IAN HAMBLETON, MATTHIAS KRECK, AND PETER TEICHNER 



We will need to compute the Whitehead group Wh(7r) and the surgery obstruction 
groups L 4 (Z7r), L 5 (Z7r), for our fundamental groups ir = B{k). We will use the well- 
known fact that the Lf-theory and L-theory functors commute with direct limits of rings 
(with involution). The idea is that these functors are defined in terms of n x n matrices 
over rings, and such matrices live at a finite stage of the direct limit. The results here are 
well-known to the experts. 

To apply this remark, we notice that n = Z[l//c] x Z, if k ^ 0, where aba -1 = b k and 
the subgroup normally generated by b 

(b, a~ l ba, a~ 2 ba 2 , . . .) C n 

is isomorphic to Z[l/fc]. The Wang exact sequence 

► Hi(Z[l/k];A) ^ H t (Z[l/k];A) -> L^tt; A) -> H^^l/k]- A) -> . . . 

now gives another method of calculation for A any Z7r-module. Here a: Z[l//c] — > Z[l/fc] 
is the group automorphism "multiplication by k" induced by conjugation by a. To see 
this, let Co = b, and define q = a~ l ba l for i > 0. Then = = Cj_i for i > 

and a(6) = Since Z[l//c] is the direct limit (Z —> Z . . . ), with countable Z-basis 
{co, Ci, . . . }, and homology commutes with direct limits, the maps 1 — a* can be evaluated 
to arrive at Lemma 16.21 The same technique will be used for L-theory. 

Lemma 6.4 (Waldhausen %M 19.5]). Wh(£(Jfe)) = 0. 

Because of this result, we can suppress L-theory torsion decorations and use L = L h 
throughout the rest of this section. 

We now compute the quadratic L-groups using a long exact Wang sequence [31 p. 167], 

m- 

► L n (S) ^ L n (S) -> L n (Zvr) ^ L n ^(S) ^ . . . 

where S = Z[Z[l/fc]]. There is a similar exact sequence for the symmetric L-groups (see 

4.i]). 

Lemma 6.5. For tt = B(k), we have 

(i) L 4 (Ztt) = Z © Z/2 /or k odd. 

(ii) L 4 (Z7r) = Z /or fc even. 

(iii) L 5 (Ztt) = Z©Z/(A;- 1). 

(iv) L°(Ztt) = Z. 

Proof. Since the inclusion map L 4 (Z) — > L 4 (Z[Z]) is an isomorphism, the map induced on 
L 4 (Z[Z]) by a is the identity (here Z[Z] is the group ring generated by (b), and a{b) = b k ). 
Since L-theory commutes with direct limits, it follows that the inclusion L 4 (Z) — > L 4 (S) is 
an isomorphism. On the other hand, if k is odd, the map induced by a on Ls(Z[Z]) is also 
the identity, so La(Z[Z]) = L$(S) = Z/2 detected by a codimension two Arf invariant. 

The group automorphism a: Z[l/fc] — > Z[l/fc] induces the identity map on both Ls(S) 
and L 4 (S'), since a acts as the identity on the coefficients Z. By the Wang sequence for 
the L-theory of a twisted Laurent ring, if k is odd then 

L 4 (Zvr) ^ L 4 (Z) ©L 2 (Z), 
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detected by the ordinary signature and codimension two Arf invariant. This is a direct sum 
because L 4 (Z) splits off, or alternatively, the map to L 2 (Z) is induced by the boundary 
map 5 in the Wang sequence above. 

The map induced by a on L 5 (Z[Z]) is multiplication by k, so L 5 (S) = Z[l/fc]. It follows 
that cok(l — a* : L 5 (S) — > L 5 (S)) = r Lj{k — 1), and hence L 5 (Z7r) = Z © Z/(/c — 1) from 
the Wang sequence. 

Finally, we notice that L°(Z7r) = L 2 (Z7r, — 1) by the skew- suspension map (see [321 
Prop. 6.1]). The long exact Wang sequence of [291 4.1], together with similar calculations 
of the direct limits shows that L°(Z) = L°(Ztt). □ 

Definition 6.6. The codimension two Arf invariant for it = B(k), k odd, is the projection 

Arf: L 4 (Ztt) -> Z 4 (Ztt) = L 4 (Ztt)/L 4 (Z) = L 2 (Z) = Z/2 

It is defined for any non-singular even form (V, Ay) on a finitely-generated free A-module, 
as the Arf invariant of the element [Ay] G L 4 (Z7r). If M has an even equivariant intersec- 
tion form sm, we define Arf(M) := Arf ((sa/)^)- 

Remark 6.7. We can compare the Wang sequences for computing H*(n; Z) or H*{n; Z/2) 
and the Wang sequence for the L-groups L*(Zjii) via the universal homomorphisms in the 
assembly map 

A* : H*(K(tt, 1); L (Z)) -> L„(Ztt) 
as described in [151 §1]. In our case, we only need the homomorphisms 

Xj : Hj(ir, Z) -> L^Ztt), for j = 0, 1 

and 

: Fj(7r; Z/2) -> L i+2 (Zvr), for j = 0, 1, 2 

In general the range of these homomorphisms should be localized at 2, but in low dimen- 
sions we have integral lifts for these maps (see Kirby- Taylor [231 §2-3]). 

These homomorphisms give natural transformations between the two Wang sequences. 

Lemma 6.8. The assembly map A* is an isomorphism for * = 4, 5. 

Proof. The domains of the assembly maps are given by 

H 4 {K{ir, 1); L (Z)) = H (7r; Z) © H 2 (n; Z/2) 

and 

if 5 (#(7r,l);L (Z)) = ^i(tt,Z) . 

The result follows by naturality of the Wang sequences for homology and L-theory, and 
the calculations in Lemma [6.21 and Lemma [6.51 □ 

It follows that the surgery obstruction groups in these dimensions are generated by 
closed manifold surgery obstructions. Explicitly, we use S 1 x E8 with two injections of 
Z — >• 7T, distinct up to conjugation. 
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The proof of Theorem A. We have now shown that the groups B(k) satisfy properties 
(W-AA) in Section [6j Since H 2 (tt;Z/2) C Z/2 for the solvable Baumslag-Solitar groups, 
the ii^-type is equivalent to the type and hence Theorem A follows from Theorem C. □ 

For manifolds M with type (III) there is a relation between the Kirby-Siebenmann 
invariant and the codimension two Arf invariant from Definition 16. 61 We first give a more 
general result. 

Theorem 6.9. Assume that M is a closed oriented 4-manif old with sm even andw2-type 
(ir,w), that lies in the F 2j2 -term of the filtration for the James spectral sequence of the 
normal 1-type. Then one has 

KS{M) = Slgn(M) + (w,p(M,v)) (mod 2), 
8 

where p: F 2j2 f2 4 (7r, w) -» E%° 2 — H 2 {jx; Z/2)/ lm(d 2 , d 3 ) is the natural projection and v is 
a normal 1-smoothing for M . In particular, w evaluates trivially on the images of the 
differentials ending in E 22 . 

Proof. As in Lemma |4.5[ the normal 1-type B(n,w) pulls back from BSTOP via the 
map w. K(ir, 1) — > K(Z/2,2). We compare the James spectral sequences for these two 
fibrations, knowing that oriented topological bordism is classified by 

n 4 (*) ^ z©z/2 

via the signature and Kirby-Siebenmann invariant. From the well known computations 

H A (K(Z/2,2);Z) = Z/4 and #;((A(Z/2, 2); Z/2) = Z/2, i = 2, 3, 

it follows that the i^-term in this case is 8Z © Z/2. Moreover, the quotient Z/8 must 
be the signature modulo 8. Looking at the examples of CP 2 , CH = *CP 2 and ^8, we 
see that the Kirby-Siebenmann invariant on the i^-term is given by 

sign /8 (mod 2) + p 2 : fi 4 (*) -> Z/2 

where p 2 is the projection onto the second Z/2. On comparing this to Q^n, w), the only 
remaining observation is that w: K(ir, 1) — > A(Z/2, 2) induces a map 

: H 2 (7r;Z/2)/Im(d 2 ,d 3 ) -> H 2 (K(Z/2,2);Z/2) = Z/2 

that translates into the evaluation (w, — ) used in the statement of the Theorem. □ 

Corollary 6.10. If M is a closed oriented 4-manif old of type (III), with solvable Baumslag- 
Solitar fundamental group, then 

KS{M) = Slgn ^ M ) + Arf(M) (mod 2). 
8 

Proof. For 7r = B{k) the group H 2 (tt; Z/2) is either or Z/2, depending on whether k is 
even or odd. For type (III) we must be in the latter case and hence our w 2 -tjpe is (ir, w) 
with (o^O. By Lemma [4.51 we have an isomorphism 

Q 4 (tt, w) = 8Z® H 2 {tt; Z/2) ^ 8Z © Z/2, 
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where the isomorphism on the right hand side is induced by evaluating w. Both sides of 
the equation define a homomorphism on this group and we want to prove equality. By 
Lemma 15.111 the Arf-invariant gives the nontrivial projection onto the second summand 
Z/2. Thus our result follows from Theorem 16.91 □ 

Proof of Theorem B. The first statement of Theorem B has already been proved in Corol- 
lary [221 and Corollary 14.41 It remains to establish parts (i) and (ii) concerning the real- 
izability of the forms. Note that by topological surgery [TP] , a form is realizable if and 
only if it is stably realizable, where "stably" means after orthogonal sum with hyperbolic 
forms or after connected sum with S 2 x ,S 2 's for forms and manifolds respectively. 

Suppose that (F, A) is a non-singular hermitian form on a finitely-generated, stably- 
free A-module F. After stabilizing by hyperbolic forms, we may assume that F is A-free. 
If F is an odd form, then it represents an element in the Witt group LP {"Lit) = Z, so 
there exists metabolic forms uu, u 1 on free A-modules so that A 1 w = Ao 1 w', where 
Ao is a standard form (diagonal ±1) with the same signature as A. By [TBI Lemma 3], 
we may assume that u and u' are hyperbolic forms, and hence A is stably realizable. 
Since the form Ao can be realized by manifolds with different A.S'-invariants, there are 
two possibilities (as stated in part (ii)). 

Now suppose that (F, A) is an even form. Then there exists a quadratic refinement fi so 
that (F, A, /i) represents an element of L^Ztt) = Z©Z/2 (k odd) or L^Ztt) — Z (fc even). 
By Lemma 14.51 any element of the L-group is realizable by a manifold of type II or III. 
It follows that (F, A) is stably realizable, and hence realizable by a 4-manifold. For the 
remaining assertion in part (ii), note that the Kirby-Siebenmann invariant is determined 
by the intersection form (see Corollary 16. 101 for k odd). □ 

Remark 6.11. For manifolds with geometrically 2-dimensional fundamental group it, the 
same argument proves that any such even form is realizable by an s-cobordism, whenever 
the assembly map A 4 : if 4 (7r;L ) — > L 4 (Z7r) is an isomorphism. 
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